
3452 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 47, NO. 10, OCTOBER 2017

Adaptive Neural Network Control of a
Flapping Wing Micro Aerial Vehicle

With Disturbance Observer
Wei He, Senior Member, IEEE, Zichen Yan, Student Member, IEEE,

Changyin Sun, and Yunan Chen, Student Member, IEEE

Abstract—The research of this paper works out the attitude
and position control of the flapping wing micro aerial vehi-
cle (FWMAV). Neural network control with full state and output
feedback are designed to deal with uncertainties in this com-
plex nonlinear FWMAV dynamic system and enhance the system
robustness. Meanwhile, we design disturbance observers which
are exerted into the FWMAV system via feedforward loops to
counteract the bad influence of disturbances. Then, a Lyapunov
function is proposed to prove the closed-loop system stability
and the semi-global uniform ultimate boundedness of all state
variables. Finally, a series of simulation results indicate that pro-
posed controllers can track desired trajectories well via selecting
appropriate control gains. And the designed controllers possess
potential applications in FWMAVs.

Index Terms—Adaptive control, disturbance observer design,
flapping wing micro aerial vehicle (FWMAV), neural net-
works (NNs), robotics.

I. INTRODUCTION

INSPIRED by flight modes of the insect and hummingbird,
researchers invent the flapping wing micro aerial vehi-

cle (FWMAV) to serve humanity better [1]. The strengths
of such aerial vehicles are small size, low energy consump-
tion, and great flexibility during the flight. Furthermore, they
possess excellent performances about hovering as well as
the low altitude flight [2]. All of these unique superiorities
provide some feasible schemes for military reconnaissance,
disaster search and rescue, even for being a smart robot pet in
the future. Thus, advanced FWMAV technologies draw wide
attention from researchers around the world.
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There have been fruitful FWMAV research achievements in
recent years [3]–[7]. For examples, Deng et al. [8] established
a mathematical model based on the fruit fly and the honey bee
in 2006. They consider the high-frequency insect flight control
on the basis of averaging theory, the trajectory tracking control
of the wing as well as the flight control in the hovering [9].
In 2012, they also designed a neural adaptive controller for
flapping flight to improve the performance of the attitude con-
trol [10]. In 2016, Banazadeh and Taymourtash [11] proposed
the attitude and position controller based on the hummingbird
model. Advances in the FWMAV technology have produced
many capable air vehicles [12], [13]. The nano hummingbird is
a program subsidized by Defense Advanced Research Projects
Agency which was launched in 2005. In 2011, with a cam-
era system, it achieved leading levels in the flight control, the
endurance ability, and the structure design [14]. Nevertheless,
it was still remote-controlled. Our ultimate objective is mak-
ing the FWMAV autonomous, which means it can finish some
specific tasks independently.

We need to further design more appropriate controllers to
realize ultimate objects on an ongoing current basis [15]–[21].
For examples, the iterative learning control is an excellent
method to address nonlinear problems under the system with
known parameters [22], [23]. However, in the FWMAV con-
trol, we sometimes do not know all parameters of the dynamic
system. What is more, the iterative learning control improves
control performances of the system via multiple iterations,
rather than online learning. Therefore, it is not an appropri-
ate method for FWMAV control now. In the recent years,
Chen et al. [24]–[26] and Yuan et al. [27] used the adap-
tive robust control to realize the accurate motion control of
linear motors, linear motor driven stages with high-frequency
dynamics and a high-efficient analytical solution of trajec-
tory planning. There is a great of inspiration to our future
works and we will consider them later to improve our control
strategy. In addition, the robust H2 and H∞ step track-
ing control [28], [29] is also a practical method. Because
the FWMAV dynamic system is a nonlinear system, we
do not consider about this method temporarily. Since the
proportional-derivative (PD) control is a simple technique,
where the system dynamic model is unnecessary. It is gen-
erally used in the practical control of FWMAV at present. But
it has certain limitation, we just use it for some simple control
of FWMAVs which does not require the high-precision.
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In the actual application, FWMAVs face many control prob-
lems, such as the input dead zone [30], the input saturation,
the input hysteresis [31], and the output constraint. If we
want to track the attitude and position trajectory accurately,
dynamics of FWMAVs should be derived. However, the quasi-
steady dynamic model of FWMAV system is complicated
and abstract. Although researchers have already used various
approximate methods to simplify it in previous studies, such
as the average theory, the high-frequency control method [8]
and so on, the dynamic model still exists lots of system param-
eters. Furthermore, some of the system parameters cannot
be obtained directly due to irregular morphologies or some
other reasons. Thus, we need a control method which requires
fewer parameters. In the 1990s, Ge et al. [32] used the neu-
ral network (NN) method to control robotic manipulators and
proved the system stability. It can reduce our demands for the
uncertain system parameters. Furthermore, it has been veri-
fied that the NN method is good at dealing with nonlinear
systems and has excellent approximation effects [33], [34].
Particularly, in the field of manipulator control, the trajectory
tracking control via the NN control has already got lots of
achievements based on the dynamics in Lagrange form. In
2015, He et al. [35], [36] and Sun et al. [37] employed the NN
control with full state and output feedback to work out tracking
control issues of an n-link robot for rehabilitation training with
uncertainties. In 2016, Yang et al. [38], [39] used NN approx-
imation techniques to compensate the unknown dynamics of
both the robot arms and manipulated objects by the Baxter
robot.

There are many merits of the FWMAV control via the NN.
For example, the same type of FWMAVs has a unified model,
we do not have to know the different parameters of each air-
craft by the NN control. In this way, we can achieve the
modularization of the control algorithm. The FWMAV is a
micro air vehicle. The fewer sensors it possesses, the lighter
weight it will be. In the NN control with output feedback,
it is not necessary to measure angular velocities of Euler
angles in attitude control. In other words, we are able to
reduce the number of speed sensors [40], [41]. Furthermore,
the NN control method can enhance the system robustness.
Because of the previous studies, we have already obtained
some valuable achievements [42]. Therefore, considering the
NN method applying successfully in robotic manipulators
control, we introduce the NN control with full state and out-
put feedback into FWMAV control to deal the problem of
FWMAV dynamics with uncertainties in this paper.

In the early 21st century, Chen et al. [43]–[45] derived a
new type of nonlinear disturbance observer for the robotic
manipulator. It overcomes shortcomings of the existing linear
disturbance observer, which is designed or analyzed by linear
system techniques [43], [44]. Then, they wrote a book about
methods of the disturbance observer design by collating these
works [45]. These works made the design technologies of non-
linear disturbance observers that used to estimate unknown
compounded disturbances mature. Accordingly, if we choose
appropriate parameters for the proposed disturbance observer,
the estimated error will converge to a compact set [46], [47].
Li et al. [48] designed nonlinear disturbance observers for

Fig. 1. 3-D model of FWMAV.

the robotic exoskeleton to counteract the disturbances intro-
duced by unknown input terms, estimation errors and so on.
Consequently, we introduce the nonlinear disturbance observer
into our controllers and prove the closed-loop system stability
in this paper [49], [50].

Compared with current research achievements, major con-
tributions of this paper are shown as follows.

1) NN controllers with full state and output feedback
are applied to control the attitude and position of
the FWMAV, which can get good control effects and
improve the robustness of the FWMAV dynamic system.

2) According to proposed controllers, we prove the sys-
tem stability and demonstrate that all of the FWMAV
dynamic states are bounded and converge to small neigh-
borhoods around zero by selecting appropriate control
parameters.

This paper lays out as follows. A hummingbird model is
introduced in Section II. Problem formulations and prelimi-
naries of the FWMAV are given in Section III. The control
design and stability analysis for attitude and position control
are discussed by employing Lyapunov functions in Section IV.
We carry out plenty of simulations based on the controllers
we proposed. The parameter selection and tracking results
are shown in Section V. In the end, we draw a conclu-
sion about current results of our researches and future works
in Section VI.

II. FWMAV MODEL

Fig. 1 shows a 3-D model of the FWMAV, as well as its
front and side view. Model parameters are obtained from the
wing and body morphologies similar to a hummingbird, as
listed in Table I. The flapping motion is defined according
to the stroke plane, which is the mean position of a figure-
eight trajectory of the wing tip [51]. The wing coordinate
system (XW ,YW ,ZW ) is introduced to describe three degrees
of freedom for wing motion, i.e., flapping, rotation, and devi-
ation angles relative to the stroke plane. Then, aerodynamic
forces including lift and thrust are produced through the flap-
ping motion. A coordinate transformation is needed to obtain
aerodynamic forces and torques acting on the body frame.
We define the body coordinate system (XB,YB,ZB), the ori-
gin locates in the center of gravity of the body, to determine
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the relative orientation of the FWMAV. The body attitude is
represented by Euler angles, namely, roll, pitch, and yaw.
The inertial frame (X0,Y0,Z0) determine the absolute posi-
tion and velocity of the FWMAV. Flapping flight is different
from a traditional fixed-wing flight, and the analytical expres-
sions of the aerodynamic mechanism are researched based
on the quasi-steady theory [8]. Here, three normal aerody-
namic mechanisms are delayed stall, rotational lift, and added
mass [11].

As we know, the angle of attack α is a critical parame-
ter in flight performance. In a fixed-wing aircraft, once α is
larger than a specific value, usually about 14◦–17◦, the lift
force will decrease rapidly. This phenomenon is called stall.
However, the lift force still exists until the leading edge vortex
is separated from the wing surface with flapping wings until
α reach about 45◦. That is to mean, delayed stall improves the
flight performance significantly in flapping flight.

The aerodynamic forces are calculated on the basis of three
aerodynamic mechanisms in [8]. We can learn that the normal
force produced by delayed stall is always positive in one flap-
ping period. The average force due to rotational lift is equal
to zero within a period of wing flapping. Thus, this force does
not make contributions to the flight performance. In addition,
the force generated by added mass is less than 10% of the
delayed stall. Therefore, we can also ignore it in our latter
study.

III. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem Formulation

First of all, we introduce the dynamics of an FWMAV for
the attitude control in Lagrangian form as

η̇ = Ipẇ + w × Ipw

= Ip
d

dt
(Tq̇r(t))+ (Tq̇r(t))× Ip(Tq̇r(t))

= Mr(t)q̈r(t)+ Cr(t)q̇r(t) = ur(t) (1)

where Mr(t) = IpT(t) and Cr(t) = IpṪ(t)+L(t). L(t) is defined
to satisfy the equation (T(t)q̇r(t))× Ip(T(t)q̇r(t)) = L(t)q̇r(t),
where

T =
⎡
⎣

1 0 − sin(θ2)

0 cos(θ1) cos(θ2) sin(θ1)

0 − sin(θ1) cos(θ2) cos(θ1)

⎤
⎦

and Ip is the moment of inertia matrix.
Then, the dynamics of the FWMAV [11] about attitude and

position control is described as follows:

M(q(t))q̈(t)+C(q(t), q̇(t))q̇(t)+G = R(q(t))uc(t)+d(t). (2)

In the FWMAV dynamic model

q(t) =
[

qt(t)
qr(t)

]
= [x y z θ1 θ2 θ3]T

where qt(t) and qr(t) are the position variables in the inertial
coordinate system and Euler angles in the body coordinate
system, respectively

M =
[

Mt 0
0 Mr(t)

]

where

Mt =
⎡
⎣

m 0 0
0 m 0
0 0 m

⎤
⎦

is the mass matrix.

C =
[

03×3 03×3
03×3 Cr(t)

]
· G =

[
Gt

03×1

]

where the gravity vector

Gt =
⎡
⎣

0
0

−mg

⎤
⎦· R(q(t)) =

[
RIB(qr(t)) 03×3

03×3 I3×3

]

where RIB(qr(t)) is the rotation matrix. RIB(qr(t)) =
(RBI(qr(t)))−1, and its inverse matrix is defined as

RBI(qr(t)) =
⎡
⎣

1 0 0
0 cos(θ1) sin(θ1)

0 − sin(θ1) cos(θ1)

⎤
⎦

×
⎡
⎣

cos(θ2) 0 − sin(θ2)

0 1 0
sin(θ2) 0 cos(θ2)

⎤
⎦

×
⎡
⎣

cos(θ3) sin(θ3) 0
− sin(θ3) cos(θ3) 0

0 0 1

⎤
⎦.

uc(t) =
[

ut(t)
ur(t)

]
, where ut(t) and ur(t) are the position con-

troller and attitude controller, respectively. d(t) =
[

Dt(t)
Dr(t)

]
,

where Dt(t) and Dr(t) are the disturbance in position control
and the disturbance in attitude control, respectively.

B. Useful Technical Lemmas and Definitions

Property 1 [48]: Ṁ0(xr1)− 2C0(xr1, xr2) is the skew sym-
metric matrix. The matrix C0(xr1, xr2) satisfies C0(xr1, x)y =
C0(xr1, y)x, where x, y ∈ R

n, and ‖C0(xr1, x)y‖ ≤ c1‖xr1‖ +
c2‖x‖ + c3‖y‖, c1, c2, and c3 are constants.

Assumption 1: The disturbance matrix d(t) =
[

Dt(t)
Dr(t)

]

is bounded, i.e., βti ∈ R
+, i = 1, 2, 3 are constants and

‖Dti(t)‖ ≤ βti, i = 1, 2, 3,∀t ∈ [0,∞). βri ∈ R
+, i = 1, 2, 3

are constants and ‖Dri(t)‖ ≤ βri, i = 1, 2, 3,∀t ∈ [0,∞).

IV. CONTROL DESIGN AND STABILITY ANALYSIS

Remark 1: To demonstrate the control design process
clearly, we divide the general dynamic model (2) into two
parts. One is the attitude control part, the other is the position
control part. The controllers seem to be proposed separately,
but actually, they are just separate in forms. We track the Euler-
angles and use them not only in attitude control but also as
parts of state variables in the position control.

A. Attitude Control

In this section, we use the full state feedback NN control
and the output feedback NN control to regulate the attitude
of the FWMAV. When we design the full state feedback NN
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controller, xr1 and xr2 are totally known. The NN is used
for approximating the unknown dynamics in the FWMAV
dynamic model. The disturbance observer is designed and
exerted into FWMAV via feedforward loops to counteract
the disturbances and eliminate the effects of the disturbances.
When we design the output feedback NN control, we think
that only xr1 is known and xr2 cannot be directly measured.
Hence, we consider creating the high-gain observer to estimate
xr2 and using NN to approximate the uncertainties of FWMAV
dynamics. Further, the disturbance observer is designed and
exerted into FWMAV as well. At last, two methods can be
proven that not only the system is steady but also trajectory
tracking errors converge to small neighborhoods around zero.

The nonlinear motion equation about attitude model is
presented as

Mr(qr)q̈r + Cr(qr, q̇r)q̇r = ur + Dr. (3)

1) Model-Based Control Design: Let xr1 = qr =
[θ1, θ2, θ3]T and xr2 = q̇r = [θ̇1, θ̇2, θ̇3]T , we can obtain the
description of the FWMAV dynamics as

ẋr1 = xr2 (4)

ẋr2 = M−1
r (xr1)[ur − Cr(xr1, xr2)xr2 + Dr]. (5)

The control objective is to propose control torque so that the
system state variables xr1 are able to track the trajectory that
we desire xr1d(t) = [θ1d(t), θ2d(t), θ3d(t)]T . And we define the
error variables er1 and er2 as follows:

er1 = xr1 − xr1d (6)

er2 = xr2 − αr1 (7)

where αr1 = ẋr1d − Ar1, and Ar1 = K1er1.
Differentiating (6) and (7) with respect to time, we can

obtain that

ėr1 = ẋr1 − ẋr1d = xr2 − ẋr1d = er2 + αr1 − ẋr1d

= er2 − Ar1 (8)

ėr2 = ẋr2 − α̇r1

= M−1
r (xr1)[ur − Cr(xr1, xr2)xr2 + Dr] − α̇r1. (9)

On the basis of Assumption 1, we can get ‖Ḋri(t)‖≤
βri, i = 1, 2, 3. Then, in order to design a nonlinear distur-
bance observer to estimate unknown disturbance Dr(t), we
introduce an auxiliary function as

er3 = Dr −�(er2) (10)

where �(er2) is a function vector. To implement easily, �(er2)

is chosen as a linear function with respect to er2.
According to (9) and (10), we have the derivative of er3 as

ėr3 = Ḋr − K(er2)M
−1
r (xr1)[ur − Cr(xr1, xr2)xr2 + Dr]

+ K(er2)α̇r1 (11)

where K(er2) = (∂�(er2)/∂er2) is a constant parameter. For
getting ˙̃Dr(t), we introduce ˙̂er3 as

˙̂er3 = −K(er2)M
−1
r (xr1)

[
ur − Cr(xr1, xr2)xr2 + D̂r

]

+ K(er2)α̇r1. (12)

According to (10), we have the estimate of the disturbance
Dr(t) as

D̂r = êr3 +�(er2). (13)

Then we get

ẽr3 = êr3 − er3 = D̂r − Dr = D̃r. (14)

Differentiating D̃r(t) with respect to time, we obtain

˙̃Dr = ˙̃er3 = ˙̂er3 − ėr3 = −K(er2)M
−1
r (xr1)D̃r − Ḋr. (15)

Considering the Lyapunov function V0 as

V0 = 1

2
eT

r1er1 + 1

2
eT

r2Mr(xr1)er2 + 1

2
D̃T

r D̃r. (16)

Differentiating V0 with respect to time and substitut-
ing (8), (9) into it, we have

V̇0 = −eT
r1K1er1 + eT

r1er2 + 1

2
eT

r2Ṁr(xr1)er2

+ eT
r2[ur − Cr(xr1, xr2)xr2 + Dr − Mr(xr1)α̇r1] + D̃T

r
˙̃Dr.

(17)

Then we assume that Mr(xr1),Cr(xr1, xr2) in the
FWMAV dynamics are known and propose the model-based
controller as

ur0 = −er1 − K2er2 − D̂r + Cr(xr1, xr2)xr2 + Mr(xr1)α̇r1

(18)

where the gain matrix K2 = KT
2 > 0.

Remark 2: The matrix Mr satisfies Mrm ≤ ‖Mr‖2 ≤ MrM ,
where Mrm and MrM are positive constants, ‖•‖2 is the
two-norm of matrix, so the matrix Mr(xr1)

−1 is bounded.
Because the matrix Mr is continuous and differentiable when
∀t ∈ [t0, t1] and Mr satisfies ‖Mr‖ ≤ δ, where the δ is a
positive constant, we can also get that Ṁr(xr1) are bounded.

Then we obtain

V̇0 = −eT
r1K1er1 − eT

r2

(
K2 − 1

2
Ṁr(xr1)

)
er2 − eT

r2D̃r

+ D̃r

(
−K(er2)M

−1
r (xr1)D̃r − Ḋr

)

≤ −eT
r1K1er1 − eT

r2

(
K2 − 1

2
Ṁr(xr1)− 1

2
I

)
er2

− D̃T
r

(
K(er2)M

−1
r (xr1)− I

)
D̃r + 1

2
βT

r βr (19)

where I is the identity matrix.
According to the Lemma 1 cited from [35], we have

V̇0 ≤ −ρ0V0 + C0 (20)
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where

ρ0 = min

⎡
⎣2λmin(K1),

2λmin

(
K2 − 1

2 Ṁr(xr1)− 1
2 I
)

λmax(Mr(xr1))
,

2λmin

(
K(er2)M

−1
r (xr1)− I

)⎤⎦ (21)

C0 = 1

2
βT

r βr (22)

and λmin(•) and λmax(•) are defined as the minimum and
maximum eigenvalues of matrix •, respectively.

For ensuring ρ0 > 0, the system parameters must be chosen
to satisfy the following conditions:

λmin

(
K2 − 1

2
Ṁr(xr1)− 1

2
I

)
> 0,

λmin

(
K(er2)M

−1
r (xr1)− I

)
> 0. (23)

According to the above analysis, we can get er1, er2,
and D̃r(t) are semiglobally uniformly bounded (SGUB). Also
because xr1d is bounded, it is easy to obtain that xr1 is bounded.
Since ẋr1d is bounded, αr1 and xr2 are bounded as well.

2) Full State Feedback NN Control Design:
Remark 3: Since uncertainties exist in Mr(xr1), Cr(xr1, xr2),

the model-based control may not come true easily. To over-
come the problems of uncertainties, the NN control is utilized
to approximate uncertainties and improve the performance
of the system via the online estimation. Remark 3, to use
this method, we need to divide the actual value Mr(xr1),
Cr(xr1, xr2) into two parts. One is virtual part which we
denoted as M0(xr1), the other is uncertain part represented as
�M(xr1) = Mr(xr1) − M0(xr1). Similarly, we choose the vir-
tual part C0(xr1, xr2) such that Ṁ0(xr1)− 2C0(xr1, xr2) is the
skew symmetric matrix and a description of the skew sym-
metric matrix is given in the Property 1 and �C(xr1, xr2) =
Cr(xr1, xr2)− C0(xr1, xr2).

We design the controller as follows:

ur1 = −er1 − K2er2 − D̂r + C0(xr1, xr2)αr1 + ŴTS(Z) (24)

where Ŵ is the NN weight and S(Z) is the basis function.
ŴTS(Z) is used to estimate W∗TS(Z) which is defined as

W∗TS(Z)+ ε(Z) = �Cr(xr1, xr2)xr2

+ �Mr(xr1)ėr2 + Mr(xr1)α̇r1 (25)

where ZT = [xT
r1, xT

r2, ėT
r2, α̇

T
r1] are input variables of the NN

and ε(Z) is estimation error of the NN, which is bounded over
the compact set, i.e., |εi(Z)| ≤ ε̄i,∀Z ∈ Z with ε̄i > 0 as an
unknown constant.

The adaptive control law is proposed as

˙̂Wi = −�i

[
Si(Z)er2i + σiŴi

]
(26)

where �i, i = 1, 2, 3 are constant gains and σi > 0, i = 1, 2, 3
are small positive constants.

Fig. 2. NN control with full state feedback strategy of FWMAV.

Then, we redefine (9) by (25) as follows:

M0(xr1)ėr2 = ur1 − C0(xr1, xr2)xr2 − W∗TS(Z)− ε(Z)+ Dr.

(27)

The auxiliary function is as same as the model-based one.
Similarly, we can obtain

ėr3 = Ḋr − K(er2)M0(xr1)
−1[ur1−C0(xr1, xr2)xr2−W∗TS(Z)

− ε(Z)+ Dr
]
. (28)

For getting ˙̃Dr(t), we introduce ˙̂er3 as

˙̂er3 = −K(er2)M0(xr1)
−1
(

ur1 − C0(xr1, xr2)xr2 + D̂r

)
.

(29)

Then, differentiating D̃r(t) with respect to time, we have

˙̃Dr = −Ḋr − K(er2)M0(xr1)
−1[W∗TS(Z)+ ε(Z)+ D̃r

]
.

(30)

The flow chart of the NN control with full state feedback
is shown in Fig. 2.

Proof: The Lyapunov function V1 is designed as

V1 = 1

2
eT

r1er1 + 1

2
eT

r2M0(xr1)er2 + 1

2
D̃T

r D̃r

+ 1

2

n∑
i=1

W̃T
i �

−1
i W̃i (31)

where W̃i = Ŵi − W∗
i , and W̃i, Ŵi, and W∗

i are NN weight
errors, estimated values, and actual values, respectively.

Differentiating V1 with respect to time and substituting (27)
into it, we have

V̇1 ≤ −eT
r1K1er1 + eT

r1er2 + eT
r2

[
ur1 − C0(xr1, xr2)αr1

− W∗TS(Z)− ε(Z)+ Dr
]+ D̃T

r
˙̃Dr +

n∑
i=1

W̃T
i �

−1
i

˙̂Wi.

(32)

Then, we substitute the controller (24), adaptive control
law (26) and (30) into (32), and obtain

V̇1 ≤ −eT
r1K1er1 − eT

r2K2er2 − eT
r2D̃r − D̃T

r Ḋr

− D̃T
r K(er2)M0(xr1)

−1[W∗TS(Z)+ ε(Z)+ D̃r
]

− eT
r2ε(Z)−

n∑
i=1

W̃T
i σiŴi. (33)
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Because −∑n
i=1 W̃T

i σiŴi ≤ ∑n
i=1(σi/2)(‖W∗

i ‖2−‖W̃i‖2).
What is more, ‖Si(Z)‖ ≤ si, i = 1, 2, . . . , n, where si is a
positive constant. Then we design positive constant ψ1 and
get derivative of Lyapunov function V̇1 as follows:

V̇1 ≤ −eT
r1K1er1 − eT

r2(K2 − I)er2 + 1

2
(1 + ψ1)‖ε̄‖2

− D̃T
r

[
K(er2)M0(xr1)

−1 −
(∥∥K(er2)M0(xr1)

−1
∥∥2

ψ1
+ 1

)
I

]
D̃r

+ 1

2
βT

r βr +
n∑

i=1

σi + ψ1s2

2

∥∥W∗
i

∥∥2

−
n∑

i=1

σi

2

∥∥W̃i
∥∥2 ≤ −ρ1V1 + C1 (34)

where

ρ1 = min

[
2λmin(K1),

2λmin(K2 − I)

λmax(Mr(xr1))
, 2λmin

[
K(er2)

× M0(xr1)
−1 −

(∥∥K(er2)M0(xr1)
−1
∥∥2

ψ1
+ 1

)
I

]
,

min
i=1,2,3

(
σi

�−1
i

)]
(35)

and

C1 = 1

2
(1 + ψ1)‖ε̄‖2 + 1

2
βT

r βr +
n∑

i=1

σi + ψ1s2

2

∥∥W∗
i

∥∥2
.

(36)

To ensure the closed-loop stability of the FWMAV dynamic
system, we demand ρ1 > 0. So control parameters should be
chosen to satisfy the following conditions:

λmin(K2 − I) > 0, λmin

[
K(er2)M0(xr1)

−1

−
(∥∥K(er2)M0(xr1)

−1
∥∥2

ψ1
+ 1

)
I

]
> 0.

(37)

Remark 4: If C1 can equal to zero, we could say that the
system is able to achieve the exponential stability. But for
our controllers, C1 = (1/2)(1 + ψ1)‖ε̄‖2 + (1/2)βT

r βr +∑n
i=1 [(σi + ψ1s2)/2]

∥∥W∗
i

∥∥2, where σi is a control parameter
in the adaptive law, which can be used to improve the robust-
ness of the system. Although σi in C1 can be set as zero, the
term ‖ε̄‖2 which derives from the approximation error of the
NN must be a positive constant. Therefore, our dynamic sys-
tem can just achieve the stability rather than the exponential
stability. The boundeness can be adjusted by choosing proper
control parameters.

Theorem 1: On the basis of the system dynamics described
by (2), the state feedback NN control (24) with adaption
law (26), the Assumption 1, and suppose that all of the state
information is available and initial conditions are bounded.
The signals of the closed-loop system are SGUB. And the
asymptotic tracing is achieved, i.e., xr1(t) → xr1d(t), and
xr2(t) → αr1(t) as t → ∞. The closed-loop error signals er1

and er2 will remain within the compact sets er1 and er2 ,
respectively, which defined by

er1 :=
{

er1 ∈ R
3|‖er1‖ ≤ √

D
}

(38)

er2 :=
{

er2 ∈ R
3|‖er2‖ ≤

√
D

λmin(M0(xr1))

}
(39)

D̃r
:=
{

D̃r ∈ R
3|∥∥D̃r

∥∥ ≤ √
D
}

(40)

W̃ :=
{

W̃ ∈ R
3|∥∥W̃

∥∥ ≤
√

D

λmin
(
�−1

)
}

(41)

where D = 2(V1(0) + (C1/ρ1)), ρ1 and C1 are two positive
constants. The proof see the Appendix.

From the above analysis, we can obtain that er1, er2, D̃r(t),
and W̃ are bounded. Because W∗

i (i = 1, 2, 3) are constants,
we know that Ŵi(i = 1, 2, 3) are also bounded.

3) Output Feedback NN Control Design: About this part,
NN control with output feedback is introduced to control the
attitude of the FWMAV. The controller is designed when xr1 is
known and xr2 is unknown. Because xr2 cannot be measured
directly, we design the high-gain observer to estimate xr2.

According to the definition of high-gain observer, the esti-
mate of the unmeasurable state vector xr2 is designed as
x̂r2 = (π2/ε). Further, the er2 can be estimated as follows
êr2 = (π2/ε)−αr1, where the dynamics of π2 is described as:

επ̇1 = π2 (42)

επ̇2 = −λ̄1π2 − π1 + xr1. (43)

On the basis of [52], we have

ξ2 = π2

ε
− ẋr1 = −εψ(2) (44)

ẽr2 = êr2 − er2 = π2

ε
− αr1 − ẋr1 + αr1 = ξ2 (45)

and ‖ξ2‖ ≤ εh2, ∀t > t∗, where t∗ and h2 are positive
constants.

We consider the controller with output feedback as the
following form:

ur2 = −er1 − K2êr2 − D̂r + C0
(
xr1, x̂r2

)
αr1 + ŴTS

(
Ẑ
)
.

(46)

The adaptive control law is designed as

˙̂Wi = −�i

[
Si(Ẑ)ê2i + σiŴi

]
(47)

where �i, i = 1, 2, 3 are constant gains, and σi > 0, i = 1, 2, 3
are small positive constants.

Therefore, we redefine (9) as follows:

M0(xr1) ˙̂er2 = ur2 − C0
(
xr1, x̂r2

)
x̂r2 − W∗TS(Z)− ε(Z)+ Dr.

(48)
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Fig. 3. NN control with output feedback strategy of FWMAV.

The auxiliary function is as same as the model based one.
Similarly, we can obtain

ėr3 = Ḋr − K
(
êr2
)
M0(xr1)

−1[ur2 − C0
(
xr1, x̂r2

)
x̂r2

− W∗TS(Z)− ε(Z)+ Dr
]
.

(49)

For acquiring ˙̃Dr(t), we introduce the ˙̂er3 as

˙̂er3 = −K
(
êr2
)
M0(xr1)

−1
(

ur2 − C0
(
xr1, x̂r2

)
x̂r2 + D̂r

)
.

(50)

Differentiating D̃r(t) with respect to time, we have
˙̃Dr = ˙̃er3 = −Ḋr − K

(
êr2
)
M0(xr1)

−1[W∗TS(Z)+ ε(Z)+ D̃r
]
.

(51)

The block diagram of the NN control with output feedback
is shown in Fig. 3.

Proof: The Lyapunov function V2 is designed as

V2 = 1

2
eT

r1er1 + 1

2
eT

r2M0(xr1)er2 + 1

2
D̃T

r D̃r

+ 1

2

n∑
i=1

W̃T
i �

−1
i W̃i (52)

where W̃i = Ŵi − W∗
i , and W̃i, Ŵi, and W∗

i are NN weight
error, estimated value and actual value, respectively.

Differentiating V2 with respect to time and substituting
the control (46), adaptation control law (47) and (48) to the
answer, we obtain

V̇2 ≤ −eT
r1K1er1 + eT

r2

[
−K2êr2 − D̃r + C0

(
xr1, x̂r2

)
αr1 + ŴT S

(
Ẑ
)

− C0(xr1, xr2)αr1 − W∗T S(Z)− ε(Z)
]

+ D̃T
r

˙̃Dr +
n∑

i=1

W̃T
i �

−1
i

˙̂Wi. (53)

Because of the property 1, we have C0(xr1, x̂r2)αr1 −
C0(xr1, xr2)αr1 = C0(xr1, αr1)ξ2, and ‖C0(xr1, αr1)ξ2‖ ≤ c1 +
c2‖er1‖. Thus, eT

r2C0(xr1, αr1)ξ2 ≤ c2
1 + c2

2eT
r1er1 + (1/2)eT

r2er2
and we can obtain

V̇2 ≤ −eT
r1

(
K1 − c2

2I
)

er1 − eT
r2

(
K2 − 1

2
I

)
er2 + c2

1−eT
r2K2ẽr2

+ eT
r2

[
−D̃r + ŴTS

(
Ẑ
)

− W∗TS(Z)− ε(Z)
]

+ D̃T
r

[
−Ḋr − K

(
êr2
)
M0(xr1)

−1(W∗TS(Z)+ε(Z)+D̃r
)]

−
n∑

i=1

W̃T
i

[
Si

(
Ẑ
)

êr2i + σiŴi

]
. (54)

According to the description of the basis functions of
Gaussian radial basis function neural network in [53], we can
get the equation

ŴT
i Si

(
Ẑ
)

= W∗T
i (Si(Z)+ εSti)+ W̃T

i Si

(
Ẑ
)

= W∗T
i Si(Z)+ W∗T

i εSti + W̃T
i Si

(
Ẑ
)

(55)

where ε is a positive constant, and St is the bounded vector
function.

We also have the inequation

n∑
i=1

W̃T
i Si

(
Ẑ
)

ẽr2i ≤
n∑

i=1

σi
∥∥W̃i

∥∥2

4
+

n∑
i=1

∥∥∥Si

(
Ẑ
)∥∥∥2

σi
ẽT

r2ẽr2

(56)

where ‖Si(Ẑ)‖2≤ li, li is a positive constant.
We design positive constant ψ2. In the end, we can get

V̇2 ≤ −eT
r1

(
K1 − c2

2I
)

er1 − eT
r2

(
K2 − 5

2
I

)
er2 + c2

1 + 1

2
(1 + ψ2)‖ε̄‖2

− D̃T
r

[
K
(
êr2
)
M0(xr1)

−1 −
(∥∥K

(
êr2
)
M0(xr1)

−1
∥∥2

ψ2
+ 1

)
I

]
D̃r

+
n∑

i=1

∥∥W∗
i

∥∥2

2

(
ε2‖Sti‖2 + ψ2s2

i + σi

)
+ 1

2
β2

−
n∑

i=1

σi
∥∥W̃i

∥∥2

4
+
(

‖K2‖2 +
n∑

i=1

2li
σi

)
1

2
ε2h2

2

≤ −ρ2V2 + C2 (57)

where

ρ2 = min

⎡
⎣2λmin

(
K1 − c2

2I
)
,

2λmin

(
K2 − 5

2 I
)

λmax(M0(xr1))
, 2λmin

[
K
(
êr2
)

×M0(xr1)
−1 −

(∥∥K
(
êr2
)× M0(xr1)

−1
∥∥2

ψ2
+ 1

)
I

]
,

min
i=1,2,3

(
σi

2�−1
i

)⎤
⎦ (58)

and

C2 = c2
1 + 1

2
(1 + ψ2)‖ε̄‖2 +

(
‖K2‖2 +

n∑
i=1

2li
σi

)
1

2
ε2h2

2

+
n∑

i=1

∥∥W∗
i

∥∥2

2

(
ε2‖Sti‖2 + ψ2s2

i + σi

)
+ 1

2
βT

r βr. (59)

To ensure the closed-loop stability of the FWMAV dynamic
system, we demand ρ2 > 0. So the control parameters should
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be chosen to satisfy the following conditions:

λmin

(
K1 − c2

2I
)
> 0, λmin

(
K2 − 5

2
I

)
> 0,

λmin

[
K
(
êr2
)× M0(xr1)

−1

−
(∥∥K

(
êr2
)× M0(xr1)

−1
∥∥2

ψ2
+ 1

)
I

]
> 0. (60)

From the above analysis, bounds for er1, er2, D̃r(t), and W̃
can be similarly proved as the proof in the NN control with
full state feedback.

B. Position Control

The nonlinear motion equation about position model is
presented as

Mt(qt)q̈t + Gt = RIB(qr)ut + Dt. (61)

Let xt1 = qt = [x, y, z]T , xt2 = q̇t = [ẋ, ẏ, ż]T , and qr =
[θ1, θ2, θ3]T have already known, we have the description of
the robot dynamics as

ẋt1 = xt2 (62)

ẋt2 = M−1
t

[
RIB(qr)ut + Dt − Gt

]
. (63)

The control objective is to propose control torque so that the
system state variables x1 are able to track the given reference
trajectories xt1d(t) = [xd(t), yd(t), zd(t)]T , while ensuring that
all closed-loop signals are bounded.

Remark 5: Through the observation on the nonlinear
motion equation in position model, we know the position
model is not complicated and all parameters are easy to be
measured. We propose the model-based controller easily and
obtain good tracking effects. Therefore, we do not try to design
other controllers. What is more, the full state information xt1
and xt2 are available.

Thus, we define

et1 = xt1 − xt1d (64)

et2 = xt2 − αt1 (65)

and choose αt1 = ẋt1d − At1, where At1 = K3et1.
Then, we can obtain that

ėt1 = ẋt1 − ẋt1d = xt2 − ẋt1d = et2 + αt1 − ẋt1d

= et2 − At1

ėt2 = ẋt2 − α̇t1

= M−1
t

[
RIB(qr)ut + Dt − Gt

]− α̇t1. (66)

For designing a nonlinear disturbance observer to estimate
unknown disturbance Dt(t), we introduce an auxiliary function
as follows:

et3 = Dt − Kdet2. (67)

Differentiating et3 with respect to time, we have

ėt3 = Ḋt − KdM−1
t

[
RIB(qr)ut + Dt − Gt − Mtα̇t1

]
(68)

where Kd > 0.

Then, the estimate êt3 is given by

˙̂et3 = −KdM−1
t

[
RIB(qr)ut + D̂t − Gt − Mtα̇t1

]
. (69)

Differentiating D̃t(t) with respect to time

˙̃Dt = −KdM−1
t D̃t − Ḋt. (70)

Thus, to demonstrate the stability of controller we design,
we consider the Lyapunov function as follow form:

V3 = 1

2
eT

t1et1 + 1

2
eT

t2Mtet2 + 1

2
D̃T

t D̃t. (71)

Differentiating V3 with respect to time and substituting (66)
into it, we have

V̇3 = −eT
t1K3et1 + eT

t1et2 + D̃T
t Ḋt

+ eT
t2

[
RIB(qr)ut + Dt − Gt − Mtα̇t1

]
. (72)

Because Mt and Gt are known, the model-based controller
is proposed as

ut = (
RIB(qr)

)−1
[
−et1 − K4et2 − D̂t + Gt + Mtα̇t1

]
(73)

where the gain matrix K4 = KT
4 > 0.

Then, we have

V̇3 = −eT
t1K3et1 − eT

t2K4et2 − et2D̃t

+ D̃t

(
−KdM−1

t D̃t − Ḋt

)

≤ −eT
t1K3et1 − eT

t2

(
K4 − 1

2
I

)
et2

− D̃T
t

(
−KdM−1

t − I
)

D̃t + 1

2
βT

t βt

≤ −ρ3V̇3 + C3 (74)

where

ρ3 = min

⎡
⎣2λmin(K3),

2λmin

(
K4− 1

2 I
)

λmax(Mt)
, 2λmin

(
KdM−1

t − I
)⎤⎦

(75)

and

C3 = 1

2
βT

t βt. (76)

To ensure the closed-loop stability of the FWMAV dynamic
system, we demand ρ3 > 0. The control parameters should be
chosen to satisfy as follows:

λmin

(
K4 − 1

2
I

)
> 0, λmin

(
KdM−1

t − I
)
> 0. (77)

Similar to the analysis in attitude control, et1 converge to
the compact set et1 . Bounds for et2 and D̃t(t) can be similarly
proved.
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TABLE I
GEOMETRIC PARAMETERS OF THE FWMAV MODEL SYSTEM

V. SIMULATIONS

Geometric parameters of the FWMAV model system are
listed in the table.

To obtain more convincing simulation results, we define all
of the tracking trajectories, disturbances, and initial conditions
are same in four kinds of control simulations.

Desired trajectories of the attitude qr are chosen as
⎧⎪⎨
⎪⎩

θ1d = 0.2 sin(2t)

θ2d = 0.2 sin(2t)

θ3d = 0.2 sin(2t).

(78)

To control the position of FWMAV, the desired time-varying
position of qt are chosen as follows:

⎧⎪⎨
⎪⎩

xd = sin(π t)

yd = sin(π t)

zd = sin(π t).

(79)

In the attitude and the position control, we assume both of
disturbances are ⎧⎪⎨

⎪⎩

D1 = 10 sin(t)

D2 = 10 sin(t)

D3 = 10 sin(t).

(80)

The initial conditions of the attitude control are given as
xr1(0) = [0.01, 0.01, 0.01]T , xr2(0) = [0.01, 0.01, 0.01]T , and
the initial conditions of the position control are defined as
xt1(0) = [0.01, 0.01, 0.01]T and xt2(0) = [0.01, 0.01, 0.01]T .

A. PD Control

We propose the PD controller for the attitude control as
follow:

upd = −Kper1 − Kdėr1 (81)

where control gains are Kp = 30000, Kd = 0.5, Kt3 = 500,
Kt4 = 500, and K5 = 10. Simulation results of the attitude
control in the PD method and the position control in the model-
based way are shown as Figs. 4–9. Fig. 4 shows that qr cannot
track desired trajectories well with the PD controller (81) and
tracking errors are big through Fig. 6. Finally, the order of
magnitudes of control inputs in Fig. 8 indicate that controllers
are practical and can be realized.

B. Model-Based Control

About the model-based control (18), control gains are Kr1 =
500, Kr2 = 500, and K3 = 30, and Kt3 = 600, Kt4 = 600, and
K5 = 5.

Fig. 4. Tracking performances of the attitude qr by the PD control.

Fig. 5. Tracking performances of the position qt by the PD control.

Fig. 6. Tracking errors er1 of the attitude by the PD control.

Fig. 7. Tracking errors et1 of the position by the PD control.

Fig. 8. Control inputs upd of the attitude control by the PD control.

Simulation results of the attitude and the position control are
shown in Figs. 10–15. Figs. 10 and 11 show tracking perfor-
mances of the attitude qr, and the position qt, respectively. To
further observe Figs. 12 and 13, we can know that qr can track
desired trajectories with controllers (18) and (73) and tracking
errors converge to a small neighborhood around zero. Finally,
the order of magnitudes of control inputs in Figs. 14 and 15
indicate that controllers are practical and can be realized.
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Fig. 9. Control inputs ut of the position control by the PD control.

Fig. 10. Tracking performances of the attitude qr by the model-based control.

Fig. 11. Tracking performances of the position qt by the model-based control.

Fig. 12. Tracking errors er1 of the attitude by the model-based control.

Fig. 13. Tracking errors et1 of the position by the model-based control.

In the conclusion, the model-based control can achieve the
FWMAV trajectory tracking control. But all system parameters
need to be acquired in this control method.

C. Full State Feedback NN Control

About the NN control with full state feedback (24), control
gains are Kr1 = 300, Kr2 = 300, K3 = 50, Kt3 = 500, Kt4 =
500, and K5 = 10. In the attitude control, small constants

Fig. 14. Control inputs uro of the attitude control by the model-based control.

Fig. 15. Control inputs ut of the position control by the model-based control.

Fig. 16. Tracking performances of the attitude qr by the NN control with
full state feedback.

Fig. 17. Tracking performances of the position qt by the NN control with
full state feedback.

are used to improve the robustness of the FWMAV closed-
loop system and are selected as σ1 = 0.02, σ2 = 0.02, and
σ3 = 0.02. Adaptive gains are set as �1 = 100I, �2 = 100I,
and �3 = 100I.

Simulation results of the attitude control via the NN control
with full state feedback are shown in Figs. 16, 18, and 20.
Fig. 16 is the tracking performance of the attitude qr. There
are two curves in each figure. The red line is the tracking
trajectory and the blue dashed line is the desired trajectory.
To further observe Fig. 18, we know that qr can track desired
trajectories with the controller (24) well, and trajectory errors
are converging to a small neighborhood around zero. Finally,
according to numerical values of the controller showing in
Fig. 20, we also know that the control can be realized. In the
conclusion, all of these figures manifest that the NN control
with full state feedback is effective and does well in controlling
the attitude of FWMAV.
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Fig. 18. Tracking errors er1 of the attitude by the NN control with full state
feedback.

Fig. 19. Tracking errors et1 of the position by the NN control with full state
feedback.

Fig. 20. Control inputs ur1 of the attitude control by the NN control with
full state feedback.

Fig. 21. Control inputs ut of the position control by the NN control with
full state feedback.

Simulation results of the position control are shown in
Figs. 17, 19, and 21. Fig. 17 is the tracking performance
of the position qt. To further observe Fig. 19, we know
that qt can catch up on desired trajectories with the model-
based control (73) and trajectory errors are converging to a
small neighborhood around zero. Finally, Fig. 21 shows the
model-based control can be realized on the basis of numerical
values.

D. Output Feedback NN Control

About the NN control with output feedback (46), control
gains are Kr1 = 500, Kr2 = 400, and K3 = 20 and Kt3 = 500,
Kt4 = 500, and K5 = 5. In the attitude control, small constants
are used to improve the robustness of the FWMAV closed-loop
system and are selected as σ1 = 0.02, σ2 = 0.02, and σ3 =

Fig. 22. Tracking performances of the attitude qr by the NN control with
output feedback.

Fig. 23. Tracking performances of the position qt by the NN control with
output feedback.

Fig. 24. Tracking errors er1 of the attitude by the NN control with output
feedback.

Fig. 25. Tracking errors et1 of the position by the NN control with output
feedback.

0.02. Adaptive gains are set as �1 = 100I, �2 = 100I, and
�3 = 100I.

Simulation results of the attitude control via the NN con-
trol with output feedback are shown in Figs. 22, 24, and 26.
Fig. 22 is the tracking performance of the attitude qr. To
further observe Fig. 24, we know that qr can track desired tra-
jectories with the controller (46) as well, and trajectory errors
are converging to a small neighborhood around zero. Finally,
according to numerical values of the controller showing in
Fig. 26, we also know that the control can be realized. In the
conclusion, all of these figures manifest that the NN control
with output feedback is effective and does well in controlling
the attitude of FWMAV.

Simulation results of the position control are shown in
Figs. 23, 25, and 27. Fig. 23 is the tracking performance
of the position qt. To further observe Fig. 25, we know
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Fig. 26. Control inputs ur2 of the attitude control by the NN control with
output feedback.

Fig. 27. Control inputs ut of the position control by the NN control with
output feedback.

that qt can catch up on desired trajectories with the model-
based control (73) and trajectory errors are converging to a
small neighborhood around zero. Finally, Fig. 27 shows the
model-based control can be realized on the basis of numerical
values.

E. Conclusion of Simulations

The attitude model is complicated, so we consider proposing
four kinds of controllers and compare their control effects in
this paper. They are the PD controller (81), the model-based
controller (18), the full state feedback NN controller (24), and
the output feedback NN controller (46). The PD controller
is generally used in the practical control of the FWMAV at
present and the model-based controller has a great demand for
the dynamic system. To obtain the similar effect and reduce the
demand for some parameters in the dynamics, we base on the
model-based controller to design the full state feedback NN
controller and the output feedback NN controller. Meanwhile,
we compare the NN control effect with the PD control to
reveal the necessity of our works.

We get excellent control performances via the NN con-
trol with full state feedback. However, the effect of output
feedback is slightly worse than the full state feedback. These
phenomena are reasonable because the NN control with out-
put feedback uses less information of system parameters than
the NN control with full state feedback. What is more, the
performance of the PD controller is bad compared with the
NN control. Thus, we can conclude that performances of
the FWMAV closed-loop dynamic system via NN control are
more excellent than the PD one.

VI. CONCLUSION

The trajectory tracking control of FWMAV about both atti-
tude and position are addressed in this paper. In respect of the
attitude control, we propose the full state feedback NN con-
trol and the output feedback NN control. Both the two kinds

of controllers can track desired trajectories well. Furthermore,
disturbance observers are proposed within all controllers. We
use the Lyapunov direct method to prove the dynamic closed-
loop system stability. And the semi-global uniform ultimate
boundedness of all state variables are achieved. All of the con-
trol performances are guaranteed via choosing suitable control
gains. In the end, we do plenty of simulations about our NN
control methods, and simulation results present good tracking
effects. In the future, we will make the experimental platform
of the FWMAV to verify the effectiveness of our proposed
controllers.

APPENDIX

PROOF OF THEOREM 1

The signals er1, er2, D̃r(t), and W̃ are SGUB. The proof is
given as follows.

Proof: Multiplying (20) by eρ1t yields

d

dt

(
V1eρ1t) ≤ C1eρ1t. (82)

Integrating the above inequality, we obtain

V1 ≤
(

V1(0)− C1

ρ1

)
e−ρ1t + C1

ρ1
≤ V1(0)+ C1

ρ1
. (83)

Then, we have

1

2
‖er1‖2 ≤ V1(0)+ C1

ρ1
(84)

1

2
‖er2‖2 ≤ V1(0)+ C1

ρ1

λmin(M0(xr1))
(85)

1

2

∥∥D̃r(t)
∥∥2 ≤ V1(0)+ C1

ρ1
(86)

1

2

∥∥W̃
∥∥2 ≤ V1(0)+ C1

ρ1

λmin
(
�−1

) . (87)
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